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Many of the infrastructure f a c i l i t i e s  tha t  are considered t o  be 
necessary prerequisites for  the use of an urban  o r  rural region by 
other ac t iv i t i e s  can be considered 'central f a c i l i t i e s ' .  This concept 
i s  derived from the not ion  t h a t  a spat ia l ly  distributed demand for 
services provided b,y these f a c i l i t i e s  can be offered only a t  fewer 
locations compared t o  the many locations o f  demand. 
f a c i l i t i e s  are supposed t o  be located i n  such a way t h a t  they are 
central t o  the locations of demand. Infrastructure f a c i l i t i e s  t o  which 
th i s  essential a t t r ibu te  of  central location applies range from kinder- 
gartens or 
telephone booths t o  doctors' off ices ,  pharmacies , or retai  1 centers t o  
waste disposal s i t e s ,  f i r e  s ta t ions,  or fa l l -out  shel ters .  These are 
only a few examples o f  the many f a c i l i t i e s  t h a t  are regarded as inf ra -  
structure f a c i l i t i e s  demanding a central location. They a l l  cut 
across the well accepted categories of private sector and public sector 
f a c i l i t i e s .  Though some of the infrastructure faci 1 i t i e s  may be a t t r i -  
buted t o  one or the other of these two categories wi thout  dispute 
the i r  private or public ownership becomes less important  once the 
public, politicians; and planners conceive them as one act ivi ty  system 
among other act ivi ty  systems such as residential  or industrial act ivi ty  
systems. 
Therefore, these 
schools , or hospitals t o  emergency cal l  boxes ¶ rnai 1 boxes 
I 
Furthermore, when f a c i l i t y  location i s  guided by public 
means and measures w i t h i n  the overall development of interrelated 
act ivi ty  systems o f  an urban or regional se t t ing ,  ownership i s  n o t  a 
decisive c r i te r ion .  / 
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4 . 
Dur ing  the p a s t  decade the theoretically 'oriented discussion on 
central f a c i l i t i e s  locations has been dominated by the distinction 
between public central f a c i l i t i e s  and private central f a c i l i t i e s .  
Related t o  the ownership of central f a c i l i t i e s  th i s  differentiation i s  
helpful i n  identifying inherent characterist ics of processes of decision 
making i n  the private versus the p u b l i c  realm. I t  i s ,  however, of minor 
importance w i t h  respect t o  the subject of locational decisions once 
each central f a c i l i t y  i s  understood t o  be p a r t  of an act ivi ty  system, 
a subsystem i t s e l f  of an overall act ivi ty  system. 
i n  mind the subject of  locational decisions implies two different b u t  
interdependent issues: 
proper a n d ,  secondl:y, the indirect  decision on ongo ing  processes of 
spatial-functional interactions. 
decision has been analyzed quite clearly w i t h  regard t o  i t s  implications 
i n  the context of economic and social external i t ies .  
( 1 )  
W i t h  t h i s  perspective 
f i r s t l y ,  the direct  decision on a location 
The f i r s t  issue of  this complex 
The second issue 
has usually n o t  been addressed expl ic i t ly  b u t  has rather been covered 
e i ther  by somewhat nebulous concepts of accessibil i ty  , soci a1 u t i  1 i t y  , 
Qoods-oriented versus consumer-oriented or ordinary versus extraordinary 
public services or by a simultaneous consideration of transportation 
costs and f a c i l i t y  investment costs depending on the number of f a c i l i t i e s  
and the s i t e s  needed for locating them. W i t h  respect t o  many public as 
well as private infrastructure f a c i l i t i e s  the consideration of  trade- 
offs between investment and transportation costs is  misleading for e i ther  
one o f  two reasons: I n  the case of many central f a c i l i t i e s  the costs of 
investment and the costs of  transportation are s p l i t  and p a i d  fo r  by two 
different groups: the ' suppl iers ' ,  i . e .  those who invest ,  and the 
I 
'users I , i .e. those who uti 1 ize the central services provided v i a  the 
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central f a c i l i t i e s .  Users pay e i ther  directly for the i r  expenses when 
they travel t o  the central f a c i l i t i e s  o r  they pay indirectly for  
transportation costs by paying taxes and fees. For many other central 
f a c i l i t i e s ,  especially emergency service f a c i l i t i e s ,  the combined con- 
sideration of  investment and transportation costs i s  logically impossible 
or altogether irrelevant. 
extent conflicting locational c r i t e r i a  i n t o  one overall objective i t  may 
Instead of  integrating different and t o  some 
be more appropriate t o  pursue an approach t h a t  t r i e s  t o  analyze the 
trade-offs t h a t  have t o  be acceptable when preferring one objective 
against another objective. 
(2)  
Instead of a r g u i n g  a long  the private versus public dichotomy i t  
i s  suggested t o  neglect these categories i n  the context of defining 
locations for central f a c i l i t i e s  i n  favor  of  reconsidering the n o t i o n  
of 'central location' .  For the purpose of this analysis 'central 
location' i s  regarded as the doninant  locational factor. I t  i s  intended 
t o  develop some basic- operational definitions p r o v i d i n g  the basis for 
a ser ies  of models for  the location-allocation-problem. 
'Central location' i s  understood t o  be the resul t  of a locational 
decision process and i s  understood t o  be realized d u r i n g  the process 
of plan implementatpion. The specif ic  meaning of 'central location' i s  
derived from the spatial  interrelationships t h a t  manifest themselves 
i n  ongo ing  hourly, daily,  weekly t r ip  patterns or some other periodic 
system of t r i p s  i n  space. 
spatial  interrelationships i n  terms of p l a n n i n g  goals results in 
different concepts for 'central location' .  / 




The deliberate res t r ic t ion on the locational factor 'central  
location' a1 lows one t o  concentrate on the spat ia l  behavioral patterns 
tha t  are an expression o f  performed spatial-functional interrelat ion-  
ships. I t  allows one as well, t o  concentrate on the intended influencing 
of a l l  those involved i n  the locational decision process, an influencing 
t h a t  i s  directed towards the spatial-functional interrelationships . 
This influencing i s  interpreted as a ' locational goal ' . S p a t i a l  
behavioral patterns and  locational goals form the starting points for  
operational definitions of  'central location' .  They allow, t o o ,  the 
set-up of  a systematic substantive framework for  a ser ies  of models 
f o r  the location-a1 location-problem. 
Once this substantive-oriented framework for  the location- 
a1 locadion-problem has been established the technical -oriented approach 
t o  model systemization becomes a useful concept. This teciinical- 
c3 1 
oriented approach deals with dimensions of models such as s t a t i c  
versus dynamic, deterministic versus stochastic,  normative versus 
(4)  
explanative, or location on a plane versus location on a network. 
T h i s  approach t o  model s t ra t i f ica . t ion commonly used i n  the context of 
models fo r  the location-allocation-problem i s  irrelevant t o  the issue 
of 'central location' .  I t  i s ,  however, a valuable tool i n  characterizing 
the planning situation as defined by the available d a t a  base on the 
planning region. I t  i s ,  as well, a valuable too l  i n  characterizing 
the type o f  model i n  terms of modelling theory. Thus, the technical- 
oriented framework may be used i n  choosing the method of solution being 
appropriat: -J a mode1 for  the location-a1 location-problem. 
V 
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T h e  two basic issues, the one, of  spat ia l  behavioral patterns and 
the one of locational goals, are discussed i n  Sections 2 and 3 .  Section 
4 proposes definitions for  the locational factor of 'central location'  
being based on spatial behavioral patterns and locational goals. These 
definitions i n  connection w i t h  definitions for  d i s t r i c t s ,  i .e. service 
areas of central f a c i l i t i e s ,  provide a framework for  a ser ies  of basic 
models for  the location-allocation-problem. These models are described 
i n  Section 5 and the i r  mathematical programming formulation is  presented 





2 .  Concepts for  S p a t i  a1 Behavi ora l  Patterns 
Compared t o  the broad range of different types of central 
faci 1 i t i e s  there ex-is t only few empi ri cal studies on spatial .  behavioral  
patterns that  can shed 1 i g h t  on spatio-functional relationships between 
central f a c i l i t i e s  md users. Central f a c i l i t i e s  for  which empirical 
studies have been pub1 ished are general ly 1 imited t o  re ta i  1 faci l  i t i e s ,  
warehouses and prodluction plants, and health services faci 1 i t i e s  
W i t h  respect to  r e t a i l  f a c i l i t i e s  the concept of potential i s  the 
explanatory concept for the spatial  behavioral pattern . According t o  
t h i s  concept the spatial  behavioral pattern of consumers as expressed 
by the choice of one particular f a c i l i t y  o u t  o f  a l l  f a c i l i t i e s  i s  
determined by the attractiveness of the re ta i l  f a c i l i t y  as well as by 
the spatial  distance between the f a c i l i t y  and the location o f  the 
consume r W i t h  respect t o  warehouses and production plants the 
(5'1 
distribution of goods and products or the shipment o f  materials needed 
a t  the production plant i s  steered by the c r i t e r i a  of transportation 
costs. 
based on the minimization of t r anspor t a t ion  costs. 
health services empirical studies have proven t h a t  spatial  distances 
influence the frequency of health services requested by patients. 
These three examples suggest the following three principles 
- 
In this case the concept of a spatial  behavioral pattern i s  
With respect t o  
(6 1 
underlying spatial  patterns : 
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- T h e  principle of  minimizing spatial  f r ic t ion  wi thout  a n  
influence on the frequency of ut i l izat ion of a system of 
central faci 1 -i t i e s  ; ( 7 )  
I The principle of minimizing spatial  f r ic t ioh  w i t h  an 
influence on the frequency of  ut i l izat ion of a system of 
central f a c i l i t i e s ;  
II The principle of maximizing potential. 
I t  i s  assumed t h a t  one of these principles determines the spatial  
behavioral pattern of e i ther  a user or a. supplier. The user has t o  
be considered when he has t o  pay for surmounting spatial  f r i c t ion ,  and 
the supplier has t o  be considered when he has t o  pay for surmounting 
spatial  f r ic t ion .  S t a r t i n g  from the assumption t h a t  a l l  users have t o  
be taken i n t o  consideration such t h a t  the demand of each user for 
central services i s  covered, three different spatial  behavioral patterns 
of u s e k  and one spatial  behavioral pattern of suppliers can be derived. 
These patterns are: 
- Spatial behavioral pattern o f  users based on the principle of 
minimizing spatial  f r ic t ion w i t h o u t  influence on the frequency 
o f  utili’zation of a system of central f a c i l i t i e s :  
Each user goes t o  t h a t  f a c i l i t y  of a system of central f a c i l i t i e s  
located next t o  his own location. 
influenced by the spatial  f r i c t ion ,  i .e.  i t  i s  not  decreasing w i t h  
The frequency of ut i l izat ion i s  n o t  
increasing spatial  f r ic t ion.  A spatial  behavioral pattern such as th i s  
one implies t h a t  the user i s  able t o  determine which f a c i l i t y  i s  nearest 
t o  him i n  terms of metrical distance, time distance, costs of trans- 
po r t a t ion  or a distance concept based on physical and psychological 
e f for t .  Examples of systems of  central f a c i l i t i e s  for which th i s  
concept of 
emergency call  boxes, t r a i n  s ta t ions ,  or mass t r ans i t  stops. 




I Spatial behavioral pattern of users based. on the principle of  m i n i -  
m i z i n g  spatial  f r i c t i o n  w i t h  influence on the frequency of u t i l i -  
zation of a system of central f a c i l i t i e s :  
Each user goes t o  t h a t  f a c i l i t y  of  a system - o f  central f a c i l i t i e s  located 
next t o  his own location as he wants t o  maximize the frequency of 
uti l izat ion o f  serviices provided by the system o f  f a c i l i t i e s .  The 
frequency of u t i 1  i z a t i o n  decreases w i t h  increasing fr ic t ion of space. 
A spat ia l  behavioral pattern such as th i s  one implies that  w i t h  respect 
t o  his frequency of ut i l izat ion a user i s  influenced by the spatial  
f r ic t ion  he has t o  surmount. I t  i s  implied, t o o ,  that  the individual 
user i s  able t o  evaluate the spatial  f r ic t ion  between his location and 
the locations t o  al'l central f a c i l i t i e s  enabling him t o  determine the 
nearest central f a c i l i t y  as the one he wants t o  go to .  The amount of 
u t i l izat ion is solely influenced by the spatial  f r ic t ion  and n o t  by the 
a t t r ac t iv i ty  of the central f a c i l i t i e s .  Examples of systems of central 
f a c i l i t i e s  for  which this concept of a spat ia l  behavioral pattern i s  
appropriate are health service f a c i l i t i e s  such as hospitals and health 
- 
care centers or le isure  f a c i l i t i e s ,  play-grounds, and sports f a c i l i t i e s .  
- Spatial behavioral  ps.ttern o f  users based on the principle of  
maximizing potential: 
Each user goes t o  t h a t  f a c i l i t y  of a system o f  central f a c i l i t i e s  t h a t  
exerts the highest potential a t  this location. 
f a c i l i t y  a t  a user location results from i t s  a t t r ac t iv i ty  and the f r ic t ion  
The potential of a 
of space considered t o  be a factor of resistance. A spat ia l  behavioral 
pattern such as th i s  one implies t h a t  the user i s  able t o  evaluate and 
rate, f i r s t l y ,  the a t t r ac t iv i ty  of each of the central f a c i l i t i e s  a n d ,  
secondly, t o  determine the amount of  spatial  f r ic t ion  between his 
-9 - 
. 
location and the locations of a l l  the central faci l . i t ies .  I t  i s  assumed 
t h a t  the amount of ciemand for central services for  each user i s  neither 
increased nor decreased by the attractiveness or the spatial  f r ic t ions.  
Examples of central f a c i l i t i e s  systems for  which th i s  concept of a 
spatial  behavioral pattern i s  appropriate are re ta i  1 centers. Further- 
more, t h i s  concept may be appropriate, tm,  for f a c i l i t i e s  such as l i b ra r i e s ,  
neighborhood center:; for  senior c i t izens ,  f a c i l i t i e s  for  teen-agers or 
leisure f a c i l i t i e s .  
c Spatial behavioral pattern of a supplier or a group o f  suppliers 
based on the principle of minimizing spatial  f r ic t ion without 
influence on the frequency of  ut i l izat ion o f  a system of  central 
fac i l  i t i e s  : 
Each user i s  served by a supplier or a group of suppliers v i a  t h a t  
f a c i l i t y  of a system of central f a c i l i t i e s  which i s  located next t o  the 
user location. The amount of service i s  not  influenced by the amount of 
spat ia l  f r ic t ion ,  i .e .  i t  i s  n o t  decreasing w i t h  increasing spatial  
f r ic t ion .  A spatial  behavioral pattern such as this one implies that  
the supplier or the group o f  suppliers is  able t o  determine the nearest 
central f a c i l i t y  for  each user location. Examples of systems of central 
f a c i l i t i e s  for which th i s  concept of a spat ia l  behavioral pattern is  





3.  Polit ical  and Societal Goals for Location'al Patterns of Central 
Fac i l i t i es  
In the context: of locational decisions for  systems o f  central 
f a c i l i t i e s  the foreniost goal - i n  s p a t i a l  terms - i s  t o  assure the 
avai labi l i ty  of central services by an appropriate locational pattern 
of these f a c i l i t i e s ,  T h u s ,  the locational pattern has t o  guarantee 
a ' spat ia l  ava i lab i l i ty ' .  Cri ter ia  for measuring spatial  avai labi l i ty  
have t o  be derived from a consideration of spatial  behavioral patterns 
as well as from a rationale underlying the pol i t ical  and/or societal 
goals for locational patterns o f  systems o f  central f a c i l i t i e s .  
Starting from the p o i n t  of view of  spat ia l  behavioral patterns 
the spatial  avai labi l i ty  of a system of central f a c i l i t i e s  has t o  be 
measured by e i ther  one of the following three c r i t e r i a :  
0 Cost of surmounting spati a7 f r i  ction : 
The cost o f  surmounting spatial  f r ic t ion  is  the appropriate cr i ter ion 
for  such systems of central f a c i l i t i e s  for which the principle of  
minimizing s p a t i a l  f r ic t ion  w i t h o u t  an influence on the frequency of 
uti l izat ion i s  appropriate w i t h  respect t o  the spatial  behavioral 
pattern e i ther  of users or of  suppliers. 
- Amount of ut i l izat ion of central services: 
The amount o f  uti l izat ion of central services provided v ia  f a c i l i t i e s  
i s  the applicable cr i ter ion for such systems of central f a c i l i t i e s  
for  which the princ:iple o f  m i n i m i z i n g  spatial  f r ic t ion  w i t h  an influence 
on the frequency of: uti l izat ion i s  appropriate w i t h  respect t o  the 





- Access opportunity for users: 
The criterion of access opportunity for users t o  central services applies 
for such systems of central f a c i l i t i e s  for which the principle o f  
maximizing potential i s  appropriate w i t h  respect t o  the spatial  
behavioral pattern of users. 
The spatial  avai labi l i ty  o f  a system of central f a c i l i t i e s  can be 
measured i n  e i ther  one o f  the following two ways depending on the 
locational goal purl;ued: 
measured by looking a t  the to t a l i t y  of spatio-functional relationships 
existing between a l l  users and the system of central f a c i l i t i e s .  Secondly, 
F i r s t ly ,  the spat ia l  avai labi l i ty  can be 
i t  can be measured Iby looking a t  the spatio-functional relationship 
existing between each i n d i v i d u a l  user and the system of  central f a c i l i t i e s  
i n  comparison t o  a l l  users or between each individual f a c i l i t y  and a l l  
users i n  comparison t o  a l l  f a c i l i t i e s  o f  the system of central f a c i l i t i e s .  
In the f i r s t  case, the c r i t e r i a  for  spatial  f r ic t ion  are: 
- the sum of costs of surmounting spatial  f r ic t ion ;  
the total  amount of u t i l izat ion of a l l  central f a c i l i t i e s ;  
user locations. 
- the to ta l  amount of access opportunity for the sum of  a l l  




the equalized costs of  surmounting spat ia l  f r ic t ion  w i t h  respect 
t o  each individual user; 
the equalized amount of u t i l izat ion w i t h  respect t o  each 
individual faici 1 i t y  of the system of central faci  1 i t i e s  ; 
the equalized amount of  access opportunity w i t h  respect t o  
a l l  user locations. 
These six c r i t e r i a  imply a differentiation w i t h  regard t o  a 
collective locational rationale versus an equalizing locational rationale. 
By introducing t h i s  differentiation i t  i s  intended t o  delimit three 
spheres of locational choices. Each one of these three spheres 
I 
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i s  based on one particular principle of  spatial  behavioral pattern. 
Furthermore, th i s  differentiation allows the evaluation of locational 
patterns of systems of  central f a c i l i t i e s  w i t h  respect t o  locational 
efficiency versus locational equity. 
choices are indicated i n  Figure 2. 





4. Definitions for Central Locations a n d  Distr ic ts  
Using the principles of spatial  behavioral patterns as well as 
the locational goals as points of relevance -a1 together nine definitions 
are derived for central locations and four definitions for d i s t r i c t s ,  
i .e.  service areas, of f a c i l i t i e s  located a t  central locations (See 
Figures 1 and 2) 
(9) 
. The definitions for  the central locations are: 
Model S-1 : 
Model S-2: 






Central P o i n t :  
The p o i n t  min imiz ing  the sum of weighted distances; 
Median Poin t :  
The p o i n t  minimizing the sum o f  weighted rectangular 
d i  s t a n  ce s ; 
Arithmetic Mean Poin t :  
The p o i n t  minimizing the sum of weighted squared 
d i s t  an ce s ; 
Center P o i n t :  
The p o i n t  m i n i m i z i n g  the maximum unweighted distance; 
Facility-Oriented P o i n t  of Potential: 
The p o i n t  maximizing f a c i l i t y  u t i l i za t ion ;  
User'-Oriented P o i n t  of Potential : 
The p o i n t  maximizing access opportunity for  the sum of 
user locations; 
User-Oriented P o i n t  of Equalized Potential : 
The p o i n t  equalizing access op or tuni ty  for  the i n d i v i d u a l  
user location w i t h  regard t o  a B 1 other user locations; 
Radial P o i n t :  
The p o i n t  from which each user location can be reached 
w i t h i n  a maximum allowable distance; 
-1 4- 
Model S-9: Constrained Radial Poin t :  
The p o i n t  from which the maximum number of users can 
be ireached w i t h i n  a maximum allowable distance. 
The definitions for  the d i s t r i c t s  o r  the i r  boundaries !, respectively, 
(101. 
are : 
Model E - 1 :  Districts delimited by boundaries formed by points of 
equal distances between neighboring central f a c i l i t i e s ;  
Model E-2 :  Distr ic ts  delimited by boundaries formed by points o f  
equal potential between neighboring central f a c i l i t i e s ;  
Model E-3: Districts as attractivity-dependent and distance- 
dependent spheres of  influence of central f a c i l i t i e s ;  
Model E-4: Districts delimited by boundaries formed by p o i n t s  of 




5. A Systematic of Models for  the Location-Allocation-Problem 
Based on the nine models for the location-problem and the fou r  
models for the allocation-problem, three groups of altogether ten 
models for  the loca-tion-allocation-problem are derived. Each one of 
these models can be traced back t o  one particular principle of spatial  
behavioral pattern md can be attached t o  one of the three spheres of 
locational choices as shown i n  Figure 2. Mathematical programming 
(11) 
forqulations for these ten models are presented i n  the Appendix: 
Model SE-1: Locations and d i s t r i c t s  for central points; 
Model SE-2: Locations and d i s t r i c t s  for  center p o i n t s ;  
Model SE-3: Locations and d i s t r i c t s  for  facil i ty-oriented 
p o i n t s  of potential ; 
Model $E-3/Variant 1 : 
Locations and d i s t r i c t s  for  facil i ty-oriented p o i n t s  
o f  equalized potential ; 
Model SE-3/Vari a n t  2 : 
Locations and spheres of inf l  uence for faci 1 i ty-  
oriented points of equalized potential ; 
Locations and d i s t r i c t s  for  user-oriented points of 
potential ; 
Locations and d i s t r i c t s  fo r  user-oriented points 
o f  equalized potential ; 
Locations and spheres of influence for user- 





Model SE-7: Locations and d i s t r i c t s  for radial points; 
Model SE-8: Locations and  d i s t r i c t s  for constrained radial 
points. 
The models SE-1 t o  SE-8 as presented here and i n  the Appendix have t o  
be regarded 3s basic versions. The only locational factor t h a t  i s  
-1 6- 
represented by these models i s  the one of  'central locat ion ' .  Though 
t h i s  locational factor i s  considered t o  be a dominating one i n  the context 
of locational decisions for systems of  central f a c i l i t i e s  an extension 
of the basic models may be desirable. T h i s  can be done primarily along 
two l ines:  Firs t ly ,  the models may be extended by including those other 
locational factors which are t o  some degree direct ly  related t o  the 
central location of f a c i l i t i e s .  Locational factors t h a t  could be t h o u g h t  
of i n  this connection are: 
(12) 
- minimal and maximal capacities of  central f a c i l i t i e s  have t o  be 
observed; 
c1 a maximum a l l  owable distance between central locations and user 
locations must n o t  be surpassed; (131 
- already existing central f a c i l i t i e s  have t o  be integrated 
i n t o  the new, extended system o f  central f a c i l i t i e s ;  
I 
systems o f  central faci 1 i t i e s  must be represented. 
- functional and spatial-functional , hierarchical structures o f  
Secondly, the models may be extended by including time-dependent 
dynamic sh i f t s  of the - supply-component and/or  the demand-component o f  
systems o f  central f a c i l i t i e s .  Up t i l l  now, the implicit  assumption 
has been made t h a t  a l l  f a c i l i t i e s  of a system o f  central f a c i l i t i e s  will 
be i n  existence a t  the same p o i n t  of  time. 
dropped for two reasons. 
a to ta l  system of c:entral f a c i l i t i e s  depends on the avai labi l i ty  o f  
financial , man-power, and spatial-physical resources. This implies t h a t  
a system of central1 f a c i l i t i e s  can usually be implemented only step 
by step. On the other h a n d ,  a phased implementation of a system of  
central f x ' 1 i t i e s  might  be necessitated by spatial  and/or qual i ta t ive 
shifts of the demand for central services. 
T h i s  assumption s h o u l d  be 
On the one h a n d ,  the implementation of  
-1 7- 
4 
In orde r  t o  hiandl e time-dependent changes caused by changing 
r e s t r i c t i o n s  o f  resources o r  by changes o f  demand, f o u r  d i f f e r e n t  
s t r a t e g i e s  o f  implementat ion can be suggested. These s t r a t e g i e s  d i f f e r  
f rom each o t h e r  by  the  u n c e r t a i n t y  about f u t u r e  l e v e l s  o f  demand as w e l l  
as by r e l a t i v e  inde:pendence o f  each implementat ion phase w i t h i n  the  
(14) 
sequence o f  phases. These f o u r  s t ra- te i i ies  are:  t he  s t r a t e g y  of 
development phases the  s t r a t e g y  o f  a development sequence, the  s t r a t e g y  
o f  complet ion phases, and t h e  s t r a t e g y  o f  a complet ion sequence. I n  t h e  
d i f f e r e n t i a t i o n  o f  'development' and 'complet ion '  the  at tempt  i s  made 
t o  g i ve  cons idera t ion  t o  the  growth o f  a system o f  c e n t r a l  f a c i l i t i e s  
out  o f  preceding t ime phases i n  t h e  f i r s t  case, and i t s  gradual complet ion 
(15) 
towards a predetermined- f i n a l  s t a t e  i n  the  l a t t e r  case. 
-18- i / 
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6 .  Appendi x:  Mathematical Programming Formul ations for Models S E - 1  t o  S E - 8  
The following no ta t ions  are used throughout .the Appendix: 
di j distance from the i - t h  central location t o  the j - t h  user location 
distance from the j - t h  user location t o  the i - t h  central location 
maximum allowable distance between a central location and  a user location 
dji 
d+ 
8 distance exponent for h a n d l i n g  a l inear  relationship ( ~ = 1 )  o r  a 
non-linear relationship ( 0 ~ ~ 4  o r  p1) between distances and transportation 
costs 
m number of central locations 
attractiveness o f  the f ac i l i t y  a t  the i - t h  central location 'i 
n number o f  user locations 
j 
r 
a i j3  aji 0-1-vari ab'l e (a1 1 oca t i  on coe f f i  ci en t ) whe re : 
number o f  users located a t  the j - t h  user location 





a i i  
and 
number o f  given potential central locations 
number o f  possibi l i t ies  t o  form different combinations containing m central 
locations o u t  o f  b potential central locations 
distance from the j - t h  user location t o  the i - t h  central location which 
i s  identical w i t h  one o f  the b given potential central locations 
0-1-variable (allocation coefficient)  where: 
a j i  ' = 1  i f  the j - t h  user location i s  w i t h i n  the service area 
( d i s t r i c t )  o f  the f ac i l i t y  a t  the i - t h  central location 
which i s  identical w i t h  one o f  the b given potential central 
locations and 
a j i  = 0 otherwise 
1 -1 9- - I 
I amount of  u t i l i z a t i o n  o f  a f a c i l i t y  located a t  the i - t h  central  location 
by a l l  users located a t  the j - t h  user location i j  . 
I amount o f  u t i l i z a t i o n  of  a f a c i l i t y  located a t  the i - t h  central  location 
by a l l  users located a t  a l l  n user - loca t ions  i 
probabi l i ty  ind ica t ing  t h a t  a user located a t  the j - t h  user location 
wil l  u t i l i z e  central  services  offered a t  the i - t h  central  location i @ j  
I j i  
S standard deviation o f  the amounts o f  u t i l i z a t i o n  o f  a l l  m central  f a c i l i t i e s  
access-opportunity a t  the j - t h  user locat ion w i t h  regard t o  the f a c i l i t y  
a t  the i-th central  locat ion 
A 
5 -  i s .  calculated by applying the following formula f o r  the 
standard deviation S o f  u observations vw: 
2 112 U U s = ((u (U.-l))-l (u c v; - ( c vw)  1) 
w= 1 w = l  
0-1-variable representing potent ia l  central  locat ions , where : 
xi = 1 
xi = 0 
'i 
i f  a central  f a c i l i t y  i s  located a t  X i ,  and 
o the rwi s e  
- 
MODEL SE-1: LOCATIOiNS AND D I S T R I C T S  FOR CENTRAL P O I N T S  
The locat ions and d i s t r i c t s  o f  m central  f a c i l i t i e s  have to be determined i n  such 
a way t h a t :  ( a )  each user i s  a l located t o  exact ly  one central  f a c i l i t y  and ( b )  the  
sum of  weighted distances i s  a m i n i m u m :  
Mini m i  ze : 
m n 
subjec t  to :  
f o r  a l l  i ,  i = l ,  ..., m 
f o r  a l l  j ,  j = l , . . . , n  
f o r  a l l  j ,  j = l , . . . , n  
f o r  a l l  i ,  i = l , . . . , m  
f o r  a l l  j ,  j = l , . . . , n  
m 
c a i j = l  
i= l  
d i j  1 0 
. . 8 (1.1) 
. . (1.2) 
....( 1 .3 )  
. . . . (1 -4 )  
I -20- 
MODEL S E - 2 :  L O C A T I O N S  AND D I S T R I C T S  FOR CENTER P O I N T S  
The locat ions and d i s t r i c t s  of m central  f a c i l i t i e s  have to  be determined i n  such 
a way t h a t :  ( a )  each user i s  a l loca ted  t o  a t  l e a s t  one central  f a c i l i t y  and (b )  the  
maximum distance i s  minimized t h a t  e x i s t s  i n  any o f  the m d i s t r i c t s  between the 
central  f a c i l i t y  and the user loca t ions  al located t o  i t :  
Mi n i  m i  ze : 
B 
Z = max min d i j  u i j  j i  
subject t o :  
01 i j  =( "  1 
for  a l l  i ,  i = l ,  ..., m 
f o r  a l l  j ,  j= l ,  ..., n 
m 
c a i j  2 1 f o r  a l l  j, j=l , . . . , n  
i =1 
d i j  2 8 f o r  a l l  i ,  i=l , . . . ,m 
for a l l  j ,  j = l , . . . , n  
. . . (2 . 1) 
....( 2.2) 
. . . (2.3) 
....( 2.4) 
MODEL S E - 3 :  L O C A T I O N S  AND D I S T R I C T S  FOR F A C I L I T Y - O R I E N T E D  P O I N T S  O F  P O T E N T I A L  
The locat ions and d i s t r i c t s  o f  m central  f a c i l i t i e s  have t o  be determined i n  such 
a way t h a t :  ( a )  each user i s  a l loca ted  t o  exact ly  one central  f a c i l i t y  and (b) the 
u t i l i z a t i o n  o f  a l l  central  f a c i l i t i e s  i s  maximized: 
Maxi m i  ze : 
m n  
z =  c c 
j=1 
subject t o :  
0 
1 
0 1 . .  = { 
J1 
m 
c aji = 1 
i =1 
dji  i 0 
where : 
i I j -  - aji 
for  a l l  i ,  i=l,. . . ,m 
f o r  a l l  j ,  j = l , . . . , n  
f o r  a l l  j ,  j=l ,  . . . , n  
for a l l  i , i = l ,  ... ,m 
f o r  a l l  j ,  j = l , . . . , n  
. . .( 3.1) 
. . . . (3.2) 
. . . . (3.3) 
*. .-(3.4) 
. . . . (3.5) 
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MODEL SE-3  / VARIANT 1: LOCATIONS AND DISTRICTS FOR FACIL ITY-ORIENTED POINTS 
OF EQUALIZED POTENTIAL -
The locations and  d i s t r i c t s  o f  m central f a c i l i t i e s  are t o  be determined i n  such 
a way t h a t :  ( a )  each user i s  allocated t o  exactly one central f ac i l i t y ,  ( b )  the 
amount o f  ut i l izat ion i s  as equal as possible when comparing the central f a c i l i t i e s  
w i t h  each other,  and  ( c )  the central f a c i l i t i e s  are located on potential central 
locations t h a t  are given: 
O u t  o f  the s e t  o f  b potential central locations altogether t combinations w i t h  
m central locations can be formed: 
t = .  
For each one o f  the t combinations the following objective function can be 
determined so t h a t  the allocation coefficients a'.= are known: 
Maxi m i  ze : 
- ....(4.0) b! 
(b  - m ) !  m! 
J' 
m n 
z =  c c i I j  aji 
subject t o :  
i= l  j=1 
for  a l l  i ,  i=l,...,m 
for a l l  j, j = l , . . . , n  
m 
C aji = 1 for a l l  j, j = l , . . . , n  
i=l  .- . 
dji  - d i i  for  a l l  i ,  i=l,. . . ,m 
for a l l  j, j=l,...,n 
In a next round of calculations fo r  each one o f  the t combinations the 
standard deviation S i s  calculated: 
where : 
a.. = a ! .  
J1 J1 
and 
dji  - d i i  
for  a l l  i ,  i= l , . .  . ,m 
for a l l  j, j=l ,  ..., n 
for a l l  i ,  i = l , . . . , m  
for  a l l  j, j = l , . . . , n  
In equations ( 4 . J )  and (4.5)  equation (3.5) i us d t o  calc d a t e  iIj. 
. . . . (4.1) 
-...(4.2) 
....(4.3) 
.. . . (4.4) 
. . (4.5) 
T h a t  combination h a v i n g  the m i n i m u m  value for  2 i s  the optimal solution looked 
for  . 
. 
MODEL SE-3 / VARIANT 2: LOCATIONS AND SPHERES O F  INFLUENCE FOR F A C I L I T Y - O R I E N T E D  
POINTS OF E Q U A L I Z E D  POTENTIAL 
The l o c a t i o n s  and spheres o f  i n f l u e n c e  o f  m c e n t r a l  f a c i l i t i e s  have t o  be determined 
i n  such a way t h a t :  ( a )  t h e  t o t a l  demand o f  each user  i s  a l l o c a t e d  p r o p o r t i o n a l l y  
t o  a l l  c e n t r a l  f a c i l i t i e s  accord ing  t o  a p r o b a b i l i t y  which cons iders  t h e  a t t r a c t i v e -  
ness o f  and t h e  d i s t a n c e  t o  each o f  t h e  c e n t r a l  f a c i l i t i e s ,  (b )  t h e  amount o f  
u t i l i z a t i o n  a t  t h e  c e n t r a l  f a c i l i t i e s  i s  as equal as p o s s i b l e  when compared w i t h  
each o t h e r ,  and ( c )  t h e  c e n t r a l  f a c i l i t i e s  a re  l o c a t e d  on p o t e n t i a l  c e n t r a l  l o c a t i o n s  
t h a t  a r e  g iven:  
Accord ing  t o  e q u a t i o n  (4.0) t combinat ions w i t h  m c e n t r a l  l o c a t i o n s  can be 
formed o u t  o f  a s e t  o f  b p o t e n t i a l  c e n t r a l  l o c a t i o n s .  For each one o f  t h e  t 
. combinat ions t h e  f o l l o w i n g  equat ions (5 .1 )  , (5.2), and (5.3) a r e  c a l c u l a t e d :  
- t h e  sum o f  u t i l i z a t i o n  a t  t h e  i - t h  c e n t r a l  f a c i l i t y :  
n 
j=l 
I = c r j  pj i 
- w i t h  . a .  b e i n g  a p r o b a b i l i t y  f a c t o r :  




i = I  
pj = ci / ( l t d j i )  B ( Z -  ci / ( l t d . . ) )  
.....( 5.1) 
. . (5  - 2 )  
A - t h e  s t a n d a r d  d e v i a t i o n  S o f  t h e  sums o f  u t i l i z a t i o n :  
m m 
i = l  i =1 
S = ( (m (m-1))- '  (m c i ~ 2  - ( i ~ ) *  ))1/2 .e.( 5.3) 
A 
The combinat ion h a v i n g  t h e  minimum va lue  f o r  S i s  t h e  o p t i m a l  s o l u t i o n  l o o k e d  
for. 
MODEL SE-4: LOCATIONS AND D I S T R I C T S  FOR USER-ORIENTED POINTS O F  POTENTIAL 
The l o c a t i o n s  and d i s t r i c t s  o f  m c e n t r a l  f a c i l i t i e s  have t o  be determined i n  such 
a way t h a t :  (a )  each u s e r  i s  al1oc.ated t o  e x a c t l y  one c e n t r a l  f a c i l i t y  and (b )  t h e  
sum o f  a c c e s s - o p p o r t u n i t i e s  o f  a l l  user  l o c a t i o n s  i s  a maximum: 
Maximi ze : 
s u b j e c t  t o :  
{: a . .  = J1 
m 
i = l  
c aji = 1 
d . .  2 0 * 
J1 
f o r  a l l  i, i=l,...,m 
f o r  a l l  j, j=l,...,n 
f o r  a l l  j, j=I, ..., n ' 
for  a l l  i, i=l, . .* ,m 
for a l l  j, j=l,...,n 
. . .(6S) 
. . . (6 - 2 )  






j i  J'1 I = ci / (1 + d . . )  . . . . (6.5) 
MODEL SE-5: LOCATIONS AND DISTRICTS FOR USER-ORIENTED POINTS O F  EQUALIZED POTENTIAL 
The locations and d i s t r i c t s  o f  m central f a c i l i t i e s  have t o  be determined i n  such 
a way t h a t :  ( a )  each user i s  allocated t o  exactly one central f ac i l i t y  and ( b )  the 
access-opportunity of a l l  user locations i s  as equal as possible when compared 
w i t h  each other: 
I n  applying equation ( 6 . 5 )  for the access-opportunity I. and  the concept o f  
the standard deviation the objective function i s :  t j 1  
Minimize: 
subject t o :  
a ji for  a l l  i ,  i=l,. . . ,m 
for a l l  j ,  j = l , . . . s n  . . (7.2) 
m I  
c ' a j i  = 1 for a l l  j ,  j = l , . . . , n  ....( 7.3) 
i=l  
dji 2 8 for  a l l  i ,  i=l,. . . ,m 
for  a l l  j ,  j = l , . . . , n  . . . (7.4) 
MODEL SE-6 :  LOCATIONS AND SPilERES O F  INFLUENCE FOR USER-ORIENTED POINTS OF 
EQUALIZED POTENTIAL. 
The locations and  spheres o f  influence o f  m central f a c i l i t i e s  have t o  be 
determined in such a way t h a t :  ( a )  each user i s  considered t o  be allocated t o  each 
central f ac i l i t y  and ( b )  the access-opportunity a t  a l l  user locations i s  as equal 
as possible when compared w i t h  each other: 
In applying equation (6.5) for the access-opportunity j i  I.and  the concept o f  
the standard deviation the objective function i s :  
M i  n i  m i  ze : 
2 1/2 n m n m  z = ( (n  ( n - 1 ) l - l  ( n  c ( c -I.)* - ( c 
subject to :  
dji I 0 
c j ~ i )  1) j=1 i= l=J  1 j=1 
fo r  a l l  i ,  i=l,. . . ,m 
for a l l  j ,  j = l , . . . , n  
. . . (8.1) 
. . (8.2) 
I 
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MODEL SE-7: LOCATIONS AND D I S T R I C T S  FOR RADIAL POINTS 
The locat ions and d i s t r i c t s  o f  an unknown number o f  central  f a c i l i t i e s  have t o  be 
determined i n  such a way t h a t :  ( a )  each user is  a l loca ted  to  a t  l e a s t  qne central  
f a c i l i t y  w h i c h  i s  n o t  f a r t h e r  away than a maximum allowable distance d and ( b )  the 
number of  central  f a c i l i t i e s  i s  minimized: 
M i  n i  m i  ze : 
m 
z =  c xi ....( 9.1) 
i =1 
subjec t  t o :  
m 
i =I 
. c xi a > 1  i j  - f o r  a l l  j ,  j = l , . . . , n  
0 
1 for  a l l  i ,  i = l , . . . , m  
xi = [ 
0 
1 
a i j  ;I 
f o r  a l l  i ,  i = l , . . . , m  
f o r  a l l  j ,  j = l , . . . , n  
f o r  a l l  i ,  i=l, . . . ,m 
for  a l l  j ,  j = l , . . . , n  
d i j  L 0 f o r  a l l  i ,  i = l , . . . , m  
f o r  a l l  j ,  j = l , . . . , n  
d i j  B a < d+ 
i j  - 




. . . . (9.6) 
MODEL SE-8: LOCATIONS AND D I S T R I C T S  FOR CONSTRAINED R A D I A L  POINTS 
The locations and  d i s t r i c t s  o f  m central  f a c i l i t i e s  have to  be determined i n  such 
a way t h a t :  ( a )  a user i s  not a l loca ted  t o  more than one central  f a c i l i t y  and ( b )  
the sum o f  users i s  maximized t h a t  can be reached w i t h i n  a maximum allowable 
distance dt. 
Maxi m i  ze : 
z =  c 
subject t o :  
m n 
~ r a  j i j  i=l  j=1 
a i j  ;(" 1 
m 
i= l  
r: a i j  I 1  
dCj a i j  " 5 dt 
d . .  2 0  
1 J  
f o r  a l l  i ,  i = l ,  ... ,m 
for a l l  j ,  j = l , . . . , n  
f o r  a l l  j ,  j=l ,  ..., n 
for  a l l  i ,  i=l,. . .3m 
f o r  a l l  j ,  j = l , . . . , n  
for a l l  i ,  i=l , . . . ,m 
f o r  a l l  j ,  j = l , . . . , n  
. . . .(10.2) 
. . . . (10 . 3) 
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(13) T h i s  extension i s  n o t  applicable t o  models SE-7 and SE-8. 
(141 A detailed discussion o f  these f o u r  st rategies  i s  presented i n  
BACH C1978, pp. 230-234, pp. 237-243). 
(15) For dynamic aspects i n  models for the location-a1 location-problem 
consult also: SCOTT (1971) SHEPPARD (1974) SCHEURWATER (1976, 
pp. 24-27, p .  3 4 f ) .  
I 
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FIGURE 2:  Models f o r  the loca t ion-a l loca t ion-problem a n d  t h e i r  r e l a t i o n s h i p  
t o  p r i n c i p l e s  o f  s p a t i a l  behavior  and loca t iona l  goa ls .  
